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Abstract 

Any two continuous functions k and r characterize a certain Frenet curve \n 3-dimensional 
space. In principle, the curve can be constructed by solving the Frenet-Serret system of 
differential equations. Explicit solutions are known for generalized helices. In this paper, 
explicit characterizations and parametrizations are given for the Frenet apparatus of slant 
helices. In every point of a general helix, its tangent makes a constant angle with a fixed 
direction. Similarly, slant helices have a principal normal that has this property and their 
representations can be deduced by rearranging the Frenet apparatus of a helix. By the 
same method, a further class of curves can be constructed where the principal normal is 
the tangent of a slant helix, and so on.^ 
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1 Frenet Space Curves 
1.1 Regular Curves 



This paper considers regular curves in oriented three-dimensional euclidian space M^, endowed 
with an inner product, {u,v) = \\u\\\\v\\ cos6, and a cross product, u x v = \\u\\\\v\\ sinON, for 
any u,v E M"', where 9 E [0, tt] is the angle between u and v and N is the positively oriented 
unit vector perpendicular to the plane spanned by u and v. In particular, m _L v (m, u) = 
and u, V collinear u x v = 0. 

A parametrized curve is a map x : / t-)- W (where A; > denotes the differentiation 
order) defined on an interval / C M. We can picture it as the trajectory of a particle moving in 
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space, with position x{t) and (if A; > 1) velocity x{t) = ^{t) at time t. The image x[I] is called 
trace of the curve. 

A parametrized curve x is called regular if it has a nonvanishing derivative x{t) at every point. 
A regular parametrized curve x{t) has a well-defined unit tangent vector T{t) = x(t)/\\x{t)\\ 
and can be parametrized by arclength. Arclength will be denoted s throughout this paper and a 
prime denotes differentiation by arclength. The intrinsic geometric properties of regular curves are 
independent of regular parameter transformations and any regular curve can always be represented 
by an arclength (or unit speed) parametrization x{s) with x' = T. 

Let X = x{s) be the arclength parametrization of regular C^-curve and T = x' its unit 
tangent vector. Then the continuous function 

= \\T'\\ = \\x"\\ 

is called its canonical curvature. A point with = is called inflection point, otherwise 

strongly regular. A curve without inflection points is also called strongly regular. In strongly 
regular points, the canonical principal normal vector is defined as 

iv+ = r. 

Every regular point of a space curve in M"^ has a well-defined tangent line, spanned by T, and 
perpendicular normal plane. Every strongly regular point has a well-defined principal normal line 
spanned by A^^^, osculating plane spanned by T and A^+, and rectifying plane perpendicular A^_|_. 



1.2 The Frenet Apparatus 

Definition 1 (Frenet Curves and Frenet Apparatus). Given a regular space curve with 
arclength parametrization x : / H- M'^ (/ C M an interval) and unit tangent vector T : I S"^, 
T{s) = x'ls). 

a) A differentiable unit vector field N : I S'^ \s a principal normal of the curve if in every 
point, T ± N and T' and N are collinear. 

b) A differentiable unit vector field B : I \s a binormal of the curve if in every point, 

T ± and T' ± B. 

c) A positively oriented orthonormal basis of differentiable vector fields {T,N,B) is called a 
Frenet moving frame of the curve if T is its tangent, is a principal normal and B \s a 
binormal. 

d) Given a Frenet moving frame {T,N,B) of the curve, the following are well-defined and 
continuous: 

• The curvature k : / t-^ M, k = {T',N) 

• The torsion r : I ^R, r = {N', B) 



The Lancret curvature u;+ : / H- M, uo^ = vh? + t^ 
The Darboux vector field D : / t-^ M^ D = tT + kB 
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The tuple T = {T, N, B, k,t) is called a Frenet apparatus and the pair (k, r) a Frenet 
development associated with the curve. 

e) A curve is called a Frenet curve if it has a Frenet moving frame. 

Remarks. 1. Given a tangent and either a principal normal or a binormal, the third component 
of the moving frame can be constructed as B = TxN or N = BxT, respectively. The 
existence of either a principal normal or a binormal is therefore sufficient for the existence of a 
Frenet moving frame and apparatus. 

2. By definition, a Frenet curve is regular and at least of order C^. The components of the 
Frenet frame are at least of order and the Frenet development at least of order 

3. Every strongly regular C^-curve is a Frenet curve. It can be assigned a uniquely defined, 
canonical Frenet apparatus with principal normal N = and curvature k = > 0. 

4. Whether or not a regular but not strongly regular curve is a Frenet curve depends on 
whether the map mapping each strongly regular point to the osculating plane has a continuous 
extension. Curves that discontinuously "jump" between planes cannot be Frenet-framed. 

5. Frenet curves with inflection points cannot be assigned a canonical Frenet apparatus. If 
(T, N, B, k,t) is a Frenet apparatus of a Frenet curve, then so is (T, —N, —B, —k,+t). In 
strongly regular points, = ±A^+ and k, = ±k,+ . It follows that if a Frenet curve has no or only 
isolated inflection points, then its Frenet apparatus is unique up to the sign of A^, B, and k and 
in particular, it has a unique and well-defined torsion r. 

6. A Frenet curve containing straight line segments has an infinite family of Frenet appa- 
ratuses because on a straight line, the curvature always vanishes (T' = 0) but the torsion can 
vary arbitrarily. In general (Wong and Lai (1967)), two Frenet developments (k, r) und (/t, f ) 
characterize the same Frenet curve if and only if there is a a C^-Funktion 9 so that 

fi;sm6' = 0, k,cos9 = k and 9' = f — t. 

7. The definition of Frenet curve presented here (cf. Wintner (1956), Wong and Lai (1967)) 
is justified by the fact that important classes of curves can be treated as Frenet curves even if they 
have inflection points. Examples are regular plane curves, generalized helices and slant helices 
(see section 2 of the present paper) as well as curves that are geodesies ov asymptotic curves on a 
regular surface. In the case of asymptotic curves (this includes plane curves), the surface normal 
in every point of the curve can be chosen as binormal. In the case of geodesies, the surface 
normal can be chosen as principal normal. The prize to be paid for relaxing the assumption of 
strong regularity and k > is the loss of uniqueness of the Frenet apparatus. 

Theorem 1 (Frenet Equations). Any Frenet apparatus (T, N, B, k,t) satisfies the Frenet 
equations 

T' = kN, N' = -kT + tB, B' = -tN. 
In matrix notation, we have 
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Proof. For any two differentiable unit vector fields V and W keeping a constant angle, it is 

{V, wy = 0^ {V, w) + {V, 1^') = ^ {V, w) = -{v, W). 

For any unit vector field V, V ± V. It follows that differentiating a moving orthonormal 
basis gives rise to a skew symmetric matrix of coefficient functions. By definition 1, they are 

K= {T',N) = -{T,N') and t = {N' , B) = -{N, B'), and {T' , B) = {B' ,T) = 0. □ 

The right hand side of the Frenet equation suggests that the Darboux rotation vector D 
can be interpreted as the angular momentum vector of the Frenet moving frame. Its direction 
determines the moving frame's momentary axis of motion (its centrode) and its length the angular 
speed ||Z^|| = uj+. We also note the relationships 

^,^ = ^1 = (T', T') , ul = {N',N'), T^ = {B', B') . 

Given a pair of continuous coefficient functions k = k{s) and r = r(s) - also known as 
the natural equations of a curve - and a set of initial conditions, the Frenet system of linear 
differential equations is guaranteed to have a unique solution. A Frenet development therefore 
determines a Frenet moving frame (unique up to a rotation) which is associated with a unique 
(up to a translation) Frenet curve, an arclength parametrization of which can be constructed by 
integration over the tangent vector contained in the moving frame. Strongly regular C'^-curves 
have a canonical Frenet apparatus and are completely (up to a rigid motion) characterized by 
their canonical curvature and torsion. Two strongly regular space curves are congruent if and 
only if their curvature and torsion are identical (in arclength parametrization). This fact is known 
as the fundamental theorem of space curves and it is usually stated under the assumption that 
K > and differentiable (e. g. Kuhnel (2006)). When the assumption of strong regularity is 
relaxed, the fundamental theorem still essentially holds except that there is no unique, canonical 
curvature. Two different Frenet developments may now characterize the same curve (see remark 
6). 

An important question in curve theory is whether explicit solutions to the Frenet equations 
can be found given k and r. The following theorem describes a method for transforming a Frenet 
apparatus of a curve to obtain the Frenet apparatus of a related curve. It is useful for finding 
parametrizations of helices and slant helices. 

Theorem 2 (Transformation of Frenet Apparatus). Given a Frenet curve x{s) with Frenet 
apparatus J-' = (T, N, B, k, t) and the transformation 

Ti = — sin ipN + cos ipB 

Ni = T 

Bi = cos ipN + sin ipB 

Ki = K sin ip 

Ti = K cos ip 

(p{s) = Po- T{a)da 

J so 

with some constant (po E M. Then J^i = {Ti, Ni, Bi, ki.ti) is also a Frenet apparatus of a 
Frenet curve Xi. Its Darboux vector is Di = kB. 
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Proof. We need to show {Ti, Ni, Bi) is a positively oriented moving frame of orthogonal unit 
vectors satisfying the Frenet equations with curvature ki and torsion ti. Let 

/O -sin(^ cos<^\ / K 0\ / T\ /TA 

A = 1 , F = r , i3 = and i3i = iVi . 

\0 cosip smipj \ -r 0/ \5/ \bJ 

A is orthogonal with det A = +1, therefore A"^ = A*, and we have Bi = AB, B' = FB, and 
B[ = A'B + AB' = {A' + AF)B = {A' + AF)A'Bi. Denoting Fi = A' A' + AFA\ calculation 
confirms that 

(0 KsiiK/? \ 

— KSilK/? KCOS<y9 

—K COS if y 

By construction, therefore, (Ti, A''i, is a positively oriented moving frame satisfying the Frenet 
equations B[ = FiBi. □ 

Remarks. 1. This transformation (considered in similar form in Bilinski (1963)) can be derived 
from converting a curve's Frenet frame to its Bishop frame (which consists of tangent and two 
normal vectors with tangential derivatives, see Bishop (1975) for details), then rearranging it into 
a new Frenet frame. Xi has a Frenet apparatus with the tangent of x as its principal normal. 
Moreover, its Darboux vector is Di = kB so the Frenet frame of xi is momentarily rotating 
around the binormal of x at angular speed Ui = \k\. 

2. If is interesting to consider the case when the Frenet apparatus is periodic, J-'{s+L) = J-'{s) 
for all s, which is necessary but not sufficient for the curve to be closed. The transformed 
apparatus J-'i is also periodic if and only if the total torsion of J-', defined as Jq T{s)ds, is a 
rational multiple of 27r. 



2 Helices and Slant Helices 
2.1 Plane Curves 

Definition 2 (Constant Slope, Fixed Normal). A vector field t> : J i— )■ i?" is said to have 
constant slope if it makes a constant angle 9 E (0,7r/2] with a fixed direction, represented by 
a unit vector Vq called slope vector. If the angle is tt/2, then Vq is a fixed normal of the vector 
field. 

Remarks. A unit vector field V has constant slope 9 if and only if there is a unit vector Vq so 
that {V, Vq) = cos6'. Obviously, a unit vector field with constant slope traces part of a circle on 
the unit sphere, and if 6^ = 7r/2, it traces part of a great circle. A vector field with a fixed normal 
traces a plane curve. 

Lemma 1. A differentiable unit vector field V : I ^ EJ^ has constant slope if and only if the 
slope vector is a fixed normal of V . 

Proof. V has constant slope with Vq ^ (V, Vq) = const. <^ {V, Vq)' = {V, Vq) + {V, Vq) = 
^ {V, Vo) =0. □ 
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Theorem 3 (Plane Curves). For a regular space curve x{s) with unit tangent vector T, 
the following conditions are equivalent: 



i. ) X lies on a plane. 

ii. ) T has a fixed normal. 

iii. ) X has a constant binormal. 

iv. ) X has a Frenet apparatus with vanishing torsion. 

Given continuous functions k, = k{s) and r = defined on an interval sq E I C M. Let 

i7(s) = K{a)da and 



Then J^p = {Tp, Np, Bp, k,t) is a Frenet apparatus of a plane curve. Its tangent and principal 
normal trace parts of great circles, its binormal is constant and its axis of motion is fixed, with 
Darboux vector Dp = nBp. 

Proof, (i) =^ (ii): Let x{s) be a regular plane curve with plane normal Bq. Then if x{sq) is a 
curve point, Bq is a fixed normal of the vector field x{s) — x{sq) =^ {x'{s), Bq) = {T{s), Bq) = 0. 

(ii) (iii): T has a fixed normal Bq with T L Bq ^ {T'{s),Bo) = (lemma 1). By 
definition 1, Bq is a binormal. 

(iii) =^ (iv): Given a constant binormal Bq, = {Bq, Bq) = 0. 

(iv) =^ (i): If a Frenet development k = k{s) and r = is given, the binormal must be 
constant, B = Bq. (x(s) - x{sq), Bq)' = {x'{s), Bq) + {x{s) - x{sq), B'^) = 0. It follows that 
the curve must lie on a plane. 

Finally, it is easy to verify that J-'p satisfies the definition of a Frenet apparatus. □ 
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2.2 Generalized Helices 



Definition 3 (Generalized Helix, Slope Line). A regular C^-curve is called a generalized helix 
(also slope line or curve of constant slope) if at every point it makes a constant angle 6 G (0, n/2) 
with a fixed direction. 

Remark. The excluded cases correspond to straight lines {9 = 0) and plane curves {9 = 7r/2). 

Theorem 4 (Generalized Helices). For a regular space curve x with unit tangent vector T, 
the following conditions are equivalent: 

i. ) a; is a generalized helix. 

ii. ) T has constant slope 9. 

iii. ) X has a principal normal that has a fixed normal. 

iv. ) X is a Frenet curve and has a Frenet apparatus with r = cot 9k. 

Proof, (i) (ii): By definition. 

(ii) (iii): Let Dq be the slope vector, then = jj^-Do x T is a unit vector with fixed 
normal Dq. T' ± Dq (lemma 1) and T' ± T imply that T' is collinear N, so is a principal 
normal. Conversely, if is a principal normal collinear T', and ± Dq, then is also T' ± Dq 
and by lemma 1, T has constant slope. 

(ii) =^ (iv): Let Dq be the slope vector. Define B = csc9Dq — cot 9T so that Dq = 
cos9T + sm9B. By lemma 1, T' ± Dq. It is also T' ± T so T' ± fi. By construction, 
TLB. By definition 1, i? is a binormal. By construction, B has constant slope tx /2 — 6^ with 
Do- Differentiating B gives B' = - cot 9T' = - cot 9kN ^ r = cot 9k. 

(iv) ^ (ii): We can construct the vector Dq = cos9T + sm9B. Dq = cos 9kN — siiii9TN = 
^ Dq = const. By construction, T has slope 9 and B has slope 7r/2 — 9 with Dq. 

The slope vector Dq is the direction of the axis of rotation: 

D = tT + kB = k/ sin 9Dq, uj = esc 9k 

□ 

Theorem 5 (Frenet Apparatus of Generalized Helix). Given a constant 9 E (0,7r/2) and 
continuous functions k, kh = sm9 k, th = cot9 kh = cos9 k : I M., sq E I. Let 

il{s) = J^^ K(a)da and 

(sin^cosi7(s)\ /— sini7(s)\ /— cos ^ cos i7(s)\ 

sin^sini7(s) , Nh{s) = cos i7(s) , Bni-s) = - cos ^ sin r2(s) . 
cos^ / \ / \ sin^ / 

Then J'h = (Th, N^, B^, k,h,th) is a Frenet apparatus of a generalized helix with slope 
angle 9. Its tangent has constant slope 9, its binormal has constant slope n/2 — 9 and its 
principal normal lies on a great circle. Its axis of motion is fixed in the direction of the slope 
vector, with angular speed k. 
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Proof. This is a direct application of theorem 2 to the Frenet apparatus of a plane curve (theorem 
3) with if = = const. □ 



2.3 Slant Helices 

Definition 4 (Slant Helix). A Frenet curve is called a slant helix if it has a principal normal 
that has constant slope (Izumiya and Takeuchi (2004)). 

A principal normal vector of constant slope is exactly a tangent vector of a generalized helix. 
Applying the transformation of theorem 2 to the Frenet apparatus of a generalized helix gives a 
Frenet apparatus of a slant helix. 

Theorem 6 (Frenet Apparatus of Slant Helix). A Frenet curve is a slant helix if and only if it 
has a Frenet development 

KsH = ^ sin (f, TsH = ^ cos if, (p{s) = (fo — cot 9 / uj{a)da 

J so 

: / I-)- R a continuous function, E I gM., ip^ eM., 9 E (0, 7r/2) ). 

Given such a Frenet development and let Ai := 1 — cos 9, A2 := 1 + cos 9. Then the tangent 
vector of the slant helix thus characterized can be parametrized as follows: 

^ /Ai cos A2^2 — A2 cos Aii7 
TsH = - I sin — A2 sin Xifl 
y 2sin6'cos(cos6' ■ i7) 

The regular arcs traced by T are spherical helices and the slant helix has a Darboux vector 
with constant slope 71/2 — 9. 

Proof. Assume that a curve is a slant helix, it has a principal normal making constant 
slope 9 with some unit vector Dq. We can write Dq = cos 9N + sin6'(cosv9T + sin (pB) with 
some differentiable function Lp. We then have Dq = — cos 9kT + cos 9tB + ip' sin 9{— sin (pT + 
cosp>B) + sin9{cos ipuN — sin pirN). From D'q = derive three conditions: 

K = — tan 9 ip' sin r = — tan 9 ip>' cos (p, cos ip k = sin (p r. 

Setting u = ~ tan 6*^9', we get k = usirnp, r = ucos(p, and cp' = — cot 9u as claimed. 

Now the transformation described in theorem 2 is applied to the Frenet apparatus of the 
generalized helix (theorem 4), with to = kh- The result is a Frenet apparatus of a slant helix, 
because the tangent of the helix becomes the principal normal of the slant helix, and its Frenet 
development is exactly as stated in the premise. The calculation o^Tsh is shown; parametrizations 
of principal normal and binormal are obtained in the same way but are omitted here. 



+ 



cos 9 sin 9 



(jj{a)da. 



8 



By theorem 2, we have Tsh = ~ sin (fNH + cos(pBH, (f = (fio ~ cot j u. Therefore 



1 



sin ip sin Q — cos 6 cos ip cos 

'-SH = I — sin 09 cos f2 — cos 6 cos cp sin i7 I , i7 = H I to. 

. r. I smO ' 

sm u cos 



The integration constant fio can be set arbitrarily because it only rotates the moving frame. By 
setting fio = ~Vo/ cos 9, we get </? = — cos 6'i7 and evaluation yields the expression above. 

The regular arcs of the curve described by the unit tangent T are slope lines because T' = kN 
has constant slope. By construction, the unit Darboux vector of the slant helix is the binormal 
of a helix, which has constant slope (see theorem 2). □ 

Remarks. 1. The natural equations for slant helices derived above are of unrestricted generality. 
Any choice of a continuous function uj(s) and constants 9 and Lpo gives rise to a well-defined 
slant helix and its Frenet apparatus, with Frenet development 

KsH = ^ sin = — tan 9 ip' sin ip, tsh = ^ cos ip = — tan 9 ip' cos ip, ip' = — cot 9 uj. 

Inflection points and even straight line segments are not excluded. The function uj{s) is the 
signed Lancret curvature of the curve and has a geometric interpretation as the Frenet frame's 
speed of precession. 

2. It is easy to verify that under the assumption k 7^ 0, the natural equations are equivalent 
to the condition 



/r 



+ r2)3/2 



K 



cot 9 = const. 



This expression is equivalent to the geodesic curvature of the spherical image of the principal 
normal (see Izumiya and Takeuchi (2004)), which is part of a circle. 

3. The differential equation —ip'simp = cot 9hi can be solved for ip. Setting m = cot^, we 



cos y 



get — sin ip dip = muds =^ cos ip{s) = m ( nds. Further, we have r = k cot ip = n- . 

(here we must assume ip E (0,7r)). It follows 

mfK{s)ds 

t{s) = k{s) 



— m'^^J K,{s)dsy 

This condition is due to Ali (2012). Given an arbitrary curvature k, a torsion function can be 
constructed to create a slant helix, provided that the domain of s is approriately restricted. One 
application is the construction of a Salkowski curve (for details see Ali (2012)) with 

= 1, r(s) = ^=^f==, s e {-l/m,+l/m). 



m^s 



4. From cosip{s) = m J nds and similar simp = — m J nds we can deduce formulae for the 
total curvature and total torsion over a curve segment of length /: 

1 1 

K(s)ds = — (coso9(/) — 1), / ria) da = simpU). 

m n m 
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For a closed Frenet curve, total curvature (up to sign) and torsion are independent of the choice 
of the Frenet apparatus even when inflection points are present. In the case of a closed slant helix 
with length L, with both to and cp mod 2n periodic with L, both total curvature and torsion 
vanish. Total curvature has a geometric interpretation as follows. On each inflection point free 
curve segment, the absolute total curvature is equivalent to the length of the arc traced by the 
tangent on the sphere (Scofield (1995)). Inflection points appear as cusps in the tangent image. 
Vanishing total curvature means that the arc lengths of the tangent image between the cusps add 
up to zero, when each arc "length" is assigned the sign of the curvature. An example follows. 

5. The case tu = const, gives rise to the class of curves of constant precession (Scofield 
(1995)). Setting jj, = cot 6 lo and a = >/uP~+^, and omitting ipQ as it only effects a phase 
shift, we can substitute COS0 = /i/a, sin 6' = w/a, Xi = {a — fi)/a, A2 = (a + /i)/«, O = as 
in the formulae for the slant helix. 

Theorem 7 (Curves of Constant Precession). A curve of constant precession has curvature, 
torsion and tangent parametrization as follows : 



An explicit arclength parametrization of the curve is obtained by elementary integration. The 
resulting curve of constant precession lies on a hyperboloid of one sheet, and it is closed if and 
only if n/a is rational (figure 2 in Scofield (1995)). 

Remark. Curves of constant precession arise by transformation of the Frenet apparatus of a 
circular helix with curvature cu and torsion which is periodic with period L = 271 /a (although 
the helix itself is not closed). The total torsion of the helix is 27r/i/a and so the transformed 
Frenet apparatus is periodic if and only if if n/a is rational. In this case, we obtain a closed 
curve. Under what conditions a periodic Frenet apparatus is associated with a closed curve is an 
open problem, known as the closed curve problem. Interestingly, in accordance with remark 4 
above, both the total curvature and total torsion of a closed curve of constant precession vanish. 
This implies that each "upward" arc of the tangent image is balanced out by a "downward" arc 
of the same length (figure 1 in Scofield (1995)). 



In this paper, a certain transformation was applied first to a the Frenet apparatus of a generic 
plane curve to obtain a generic helix, and then again to obtain a slant helix. This procedure 
could be repeated ad infinitum to give rise to new, yet unexplored classes of curves. In particular, 
applying the transformation to a closed curve of constant precession shoud result in a curve with 
periodic Frenet apparatus and potentially also closed. 



Kcp = —CO sin fis, TCP = uj cos fis (oj,fij^O arbitrary constants) 




Outlook 
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